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Abstract—In this paper, a non-myopic beam scheduling policy
is proposed for multi-target tracking (MTT) in a phased-array
radar network, seeking to minimize the discounted sum of
tracking error of targets and improve the long-term tracking per-
formance. The Whittle index policy based on the restless multi-
armed bandit (RMAB) model can decompose the state space
of the underlying optimization problem into independent spaces
with reduced sizes. We consider the tracking error covariance
(TEC) matrix as the state of each target (arm), which evolves
based on the Kalman filter. However, for a real-world MTT, the
exact calculation of the Whittle index in multiple dimensions is
challenging. The neural network is established to achieve the
feature extraction of TEC states and learn the corresponding
Whittle index. The deep reinforcement learning (DRL) method
is exploited to train the neural network by leveraging the
threshold property of the Whittle index policy and engaging
in interactions with a single target tracking environment. We
propose the DRL-based Whittle index policy, namely DRLWI,
aiming to solve the beam allocation problem for MTT with
multi-dimensional TEC states. This approach effectively mitigates
the exponential computational complexity of classical dynamic
programming approaches and the low convergence rate caused
by large joint state and action spaces in the simple application of
DRL algorithms. Numerical results demonstrate the performance
of the proposed DRLWI policy surpasses that of DRL algorithms
and myopic policies.

Index Terms—Whittle index, deep reinforcement learning,
target tracking, multibeam allocation

I. INTRODUCTION

A phased-array radar network enables multi-radar collabora-

tion, obtaining superiority over a single-site radar [1], [2]. We

consider a phased-array radar network for multi-target tracking

(MTT) using limited multibeam resources, where each beam

can only track one target at each time. The multibeam alloca-

tion problem is of crucial importance for the performance of

MTT in the phased-array radar network [3], [4]. It becomes

more challenging to allocate multibeam resources optimally
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for multiple targets over a long-term objective, seeking to

achieve near-optimality through a non-myopic policy [5], [6].

Optimal solutions to the multibeam allocation problem

are in general intractable due to the complexity of multi-

step decision-making [6]. Conventional dynamic programming

approaches were considered by formulating the problem as

a Markov decision process (MDP) or partially observable

Markov decision process (POMDP) [7]. In [6], a branch-and-

bound algorithm was considered for mobile sensor scheduling

with maneuvering targets, which relied on predictions of a

few time slots onward. In [8], a branch-and-bound pruning

algorithm was utilized to minimize the radiation cost with a

tracking accuracy constraint. Here, the tracking accuracy and

radiation cost were predicted over a finite time horizon. In

[9], a non-myopic and fast resource scheduling algorithm with

comprehensive performance indices was proposed for MTT

in a space-based radar system. This algorithm employed the

online POMDP model based on the Monte Carlo tree search.

Unfortunately, as the time horizon increases, the action space

for multi-step decisions grows exponentially, especially for

large-scale MTT problems. To avoid this problem, [6]–[9]

shrank the time horizon used for decision-making predictions,

resulting in performance deterioration in the long-run case.

The restless multi-armed bandit (RMAB) techniques quan-

tify the marginal rewards/costs of each arm through state-

dependent, real-valued indices [10]. Based on such indices,

the index policies, for RMAB problems, are priority-style

policies that always prioritize those arms according to the

descending/ascending orders of the indices. Howard et al. [11]

proposed a greedy index policy based on the metric defined

on the tracking error variance (TEV) state, which was updated

via scalar Kalman filter dynamics. The objective function was

defined as the summary cost of multiple projects over a finite

time horizon. Utilizing the Whittle relaxation, a Whittle index

policy can decompose the original optimization problem for

multiple targets into multiple subproblems, which significantly



reduces computational complexity [12]. In [13], [14], the real-

valued TEVs were set as the states of each target, which was

treated as an arm. The Whittle index policy for MTT tasks was

proposed based on the scalar Kalman filter. Yang and Luo [15]

transformed the trace of the channel estimation mean square

error as the scalar state of bandits and proposed a method to

approximate the Whittle index. In [16], for the Whittle index

policy with convoluted transition kernels and two-dimensional

states, a Neural Whittle Index Network (NeurWIN) algorithm

was proposed to learn Whittle indices for RMAB and deep

reinforcement learning (DRL) algorithms were used to train

NeurWIN.

In practical scenarios with MTT tasks, it is more reasonable

to take the multi-dimensional tracking error covariance (TEC)

matrix as the optimization metric. Although the work in [15]

considered the multi-dimensional state case, only the trace

feature was utilized in the threshold policy. As pointed out

by Dance and Silander [17], computing the Whittle indices

for multi-dimensional states poses a mathematical challenge.

This paper aims to address the multibeam resource schedul-

ing problem for multi-target with multi-dimensional TEC

states. Our objective is to optimize the discounted long-term

reward, where the immediate reward is related to the trace of

the TEC state. We establish the MDP model of each target and

formulate the problem through the RMAB approach, where

each target corresponds to a restless project (arm). The neural

network is utilized to approximate Whittle indices and the

DRL technique trains the network through the interactions

with the target tracking environment. We propose the DRL-

based Whittle index policy, referred to as the DRLWI policy,

to address the beam resource scheduling problem, where

multi-feature extraction for the multi-dimensional TEC states

is conducted through DRL. Through extensive simulations,

we numerically demonstrate that DRLWI outperforms the

Amortized Q-learning (AQL) algorithm based on the actor-

network and critic-network [18] and myopic policies. The

contributions of this paper are summarized as follows.

1) The multibeam allocation optimization problem is for-

mulated through the RMAB model, where each arm

represents a single target with TEC states. The MDP

is established for each target. Considering the decompo-

sition advantage for the original optimization problem,

we seek to utilize DRL to learn Whittle indices through

the threshold policy property of the Whittle index policy.

2) We establish a neural network with fully connected (FC)

layers to perform feature extraction and approximate

Whittle indices. The input vector for the neural network

is normalized after the preprocessing stage. We use the

mini-batch training method to compute the weighted

gradient and tune the parameters of the network through

interactions with the target tracking environment.

3) We set up diverse-scale MTT scenarios to demonstrate

that the proposed DRLWI policy outperforms the AQL

policy and the myopic policy in scheduling optimization.

The rest of this paper is organized as follows. Section
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Fig. 1. The tracking scene in a phased array radar network.

II describes the target dynamic model, measurement model,

and TEC update model for tracking a single target. Then

the multibeam allocation problem is formulated based on the

RMAB model. Section III presents the Whittle index policy,

followed by an explanation of the DRL framework and training

of our DRLWI policy. Section IV showcases the simulation

results in three different scales of MTT. Finally, Section V

draws the conclusion.

II. PROBLEM FORMULATION

A. Target Dynamic Model and Measurement Model

Consider a radar network, consisting of M phased array

radars, which centrally steer M beams to track N > M
targets, as shown in Fig. 1. Given the limited beam resources

relative to the number of targets, each radar is assigned to track

one distinct target in each time slot. Fig. 1 shows an example

of beam allocation results, where Target 3 is not tracked.

The dynamic state of target n at time t is denoted by x
n
t =

[xn
t , ẋ

n
t , y

n
t , ẏ

n
t ]

′ ∈ R
L, where [xn

t , y
n
t ] and [ẋn

t , ẏ
n
t ] are the

location and velocity of the target, respectively. Without loss of

generality, let L = 4. [·]′ is the transpose operator. We assume

that targets are independent, and follow the nearly constant

velocity model in Cartesian coordinates, which is given by

x
n
t = Fn

x
n
t−1 + μ

n
t−1, (1)

where the dynamic state transition matrix is denoted as

Fn = I2 ⊗

[

1 Ts

0 1

]

, (2)

and μ
n
t−1 is the process noise, which follows a zero-mean

white Gaussian distribution with the covariance matrix being

Qn = qnI2 ⊗

[

T 3
s /3 T 2

s /2
T 2
s /2 Ts

]

, (3)

where ⊗ is the Kronecker product and qn denotes the intensity

of the process noise. I2 denotes the 2× 2 identity matrix and

Ts denotes sampling interval of target tracking.

This paper considers that the measurements of the radar are

in the Cartesian coordinate, which can be carried out by the

maximum likelihood estimation of the received signal of the



radar. When a radar tracks target n at time t, a measurement

z
n
t is derived with the following linear measurement function.

z
n
t = Hn

x
n
t + v

n
t , (4)

where

Hn =

[

1 0 0 0
0 0 1 0

]

, (5)

and v
n
t denotes the measurement noise, which is assumed to

be a zero-mean white Gaussian noise with covariance matrix

being Rn. μn
t and v

n
t are assumed to be independent.

B. TEC Update Model

TEC quantifies the spread of errors between the estimation

of the target’s state and the actual target state. It evolves

in the manner of the Kalman filter [19]. Consider TEC as

the optimization criterion, and define it as the state of the

bandits. The action ant−1 for target n will affect updates of the

subsequent TEC state at time slot t. If ant−1 = 1, target n is

tracked by radars at time t; otherwise, ant−1 = 0, signifying

that the radar network will not obtain measurements of target

n. Through the Kalman filter, the TEC Pn
t of target n at time

t can be recursively updated. Specifically, if a target is tracked

at time t, the TEC will be updated under action ant−1 = 1,

Pn
t = f1

n

(

Pn
t−1

)

= (IL −Kn
t H

n) P̄n
t|t−1, (6)

where

P̄n
t|t−1 = FnPn

t−1 (F
n)

′
+Qn, (7)

Kn
t = P̄n

t|t−1(H
n)′

(

HnP̄n
t|t−1(H

n)′ +Rn
)−1

. (8)

Otherwise,

Pn
t = f0

n

(

Pn
t−1

)

= P̄n
t|t−1. (9)

It is important to note that the state update functions

f1
n

(

Pn
t−1

)

and f0
n

(

Pn
t−1

)

are deterministic, that is, the mea-

surement zn
t is not involved in the state update. Consequently,

we can establish the MDP model [20] as a 4-tuple notation

(Pn,A, fn, R) to describe the state transitions, actions, and

rewards of each target n, where Pn is a positive definite

symmetric matrix space, i.e., Pn
t ∈ Pn; A = {0, 1} is

the action space, i.e., ant ∈ A; fn consists of the state

update functions f1
n

(

Pn
t−1

)

and f0
n

(

Pn
t−1

)

; R represents the

rewards function R(Pn
t ) � −tr(Pn

t )/L, indicating our goal

of maximizing rewards to improve tracking accuracy.

C. RMAB Model for Problem Formulation

Based on the RMAB approach, we associate each target

with a restless bandit process (restless arm), which is an MDP

characterized by (Pn,A, fn, R). Define the sum of the long-

term discounted rewards of N targets as the optimization

objective in the phased array radar network. The dynamic

optimization problem can be formulated as

max
π

Eπ

P0

[

∞
∑

t=0

N
∑

n=1

βtdnR (Pn
t )

]

,

s.t.

N
∑

n=1

ant = M, ∀t

(10)

where 0 < β < 1 denotes the discount factor and dn is the

target weight. Given the distribution of the initial state P0 �

(Pn
0 )

N
n=1, we can compute the expected reward Eπ

P0
[·] under

policy π.

III. THE DRL-BASED WHITTLE INDEX POLICY

A. Whittle Relaxation for Multi-target Decomposition

By the Whittle relaxation, we can relax the constraint in

(10) over the infinite time horizon as

Eπ

[

∞
∑

t=0

N
∑

n=1

βtant

]

=
M

1− β
. (11)

The Whittle index policy utilizes the Whittle relaxation and

the Lagrange relaxation to transform the original problem (10)

to

max
π

Eπ

P0

[

∞
∑

t=0

N
∑

n=1

βt{dnR (Pn
t )− λant }

]

+
Mλ

1− β
, (12)

where λ ≥ 0 denotes the Lagrange multiplier.

As a result, the problem (12) can be decomposed into N
independent sub-problems, given by

max
πn

Eπn

P
n

0

[

∞
∑

t=0

βt{dnR (Pn
t )− λant }

]

. (13)

Hence, the number of the action space decreases from
(

N

M

)

to

2N .

Then, we have the definition of the indexability of subprob-

lem (13), following [13, Definition 1].

Definition 1 (Indexability): We say that subproblem (13) is

indexable, if there exists a real-valued index λ∗,n(Pn
t ) which

is a scalar function of the target’s state Pn
t ∈ Pn such that,

for any value of multiplier λ ∈ R, the active action ant = 1 is

optimal in state Pn
t iff λ∗,n(Pn

t ) ≥ λ.

In general, the sufficient and necessary condition for the

indexability of a multi-dimensional-state RMAB problem re-

mains open, as does computing the Whittle indices in this case

[17]. In this paper, we resort to approximating the Whittle

indices for multi-dimensional TEC states through the DRL

learning technique.

B. DRL Framework for Whittle Index

We establish the neural network consisting of multiple FC

layers with several neurons. The TEC state Pn
t is flattened into

a L2×1 vector after the normalization operation, which serves

as the input to the neural network’s input layer. Hence, the

input layer consists of L2 neurons. Through multiple hidden

layers, the neural network outputs the estimated scalar Whittle

index λn
ω(P

n
t ) in the output layer with one neuron, where ω

consists of weights and biases parameters of the established

neural network. Recall that the established neural network

focuses on estimating Whittle indices for each target n, as

shown in the top part of Fig. 2.

Subsequently, based on the threshold property between the

Whittle index λ∗,n(Pn
t ) and the multiplier λ in Definition 1,

we aim to learn the correct order of Whittle index values in
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Fig. 2. The training scheme for the established neural network.

different states. We set an estimated Whittle index λn
ω(P

n,∗
0 ) as

λ, where ω is the set of parameters of the neural network in the

current episode and P
n,∗
0 is another randomized initialization

TEC state. Then, we can determine the correct order of

Whittle index values between TEC states Pn
t and P

n,∗
0 through

cumulative discounted reward of each episode. An episode

represents the time slot length of a simulation, encompassing

all states between an initial state and a terminal state. To ensure

the scalability of the neural network, we set the target weight

dn to 1 in the environmental reward feedback. To this end, we

develop the training scheme of the neural network, as shown

in Fig. 2.

At the beginning time slot t = 0 of each episode, we

initialize two states Pn
0 and P

n,∗
0 , and assign λn

ω(P
n,∗
0 ) to

λ. The target n is tracked with the probability σ (λn
ω(P

n
t ), λ)

at each time slot t. This paper samples the action ant from

a uniform distribution U(0, 1). The probability is computed

through the Sigmoid function, given by

σ (λn
ω(P

n
t ), λ) �

1

1 + e−(λn

ω
(Pn

t
)−λ)

. (14)

We regard the action selection as a classification problem

and define the classical cross-entropy loss function [21] as

the loss function of the neural network, aiming to maximize

λn
ω(P

n
t )−λ, if the action ant = 1 (or λ−λn

ω(P
n
t ) if ant = 0).

More precisely, define the loss function as

C (Pn
t , a

n
t ) �ant · ln (λn

ω(P
n
t )− λ)

+ (1− ant ) · ln (1− (λn
ω(P

n
t )− λ)) .

(15)

We train the neural network by the mini-batch training

method [22], where each batch possesses K episodes. The

K episodes share the same initial states Pn
0 and P

n,∗
0 . Then,

we can calculate the gradient of the loss function for target

n at time t in episode k through backward propagation [21],

δnk,t � ∇ωC (Pn
t , a

n
t ), with respect to ω. With the discounted

reward

rk �

T−1
∑

t=0

βt [R (Pn
t )− λant ] (16)

of episode k = 1, 2, . . . ,K, we utilize the weighted gradient

ascent method to update the parameters ω of the neural

network, where the weighted fusion gradient is defined as

δn =

K
∑

k=1

(rk − r̄) ·

[

T−1
∑

t=0

δnk,t

]

, (17)

where r̄ �
∑K

k=1 rk/K and T denotes the time horizon. In

this approach, the neural network will intend to follow the

action sequence with a larger reward rk.

The neural network interacts with the tracking environment

through multiple batches of episodes and tunes the parameters

ω based on the gradient δn after every K episodes. Ultimately,

extensive training can enable the neural network to compute

the Whittle index λ∗,n(·) on diverse TEC states.

C. Scheduling of DRLWI Policy

Since all the targets are stochastically identical, we utilize

the neural network to compute the estimated Whittle index

λn
ω(P

n
t ) for each target at time slot t. Considering the target

weight dn for each target, define the weighted Whittle index

dnλn
ω(P

n
t ). The M targets with the M highest weighted Whit-

tle indices will be tracked, i.e., ant = 1, while the remaining

targets are not tracked. Then, the TEC state transition in (6)

and (9) follow the actions (ant )
N
n=1. Accordingly, the radar

network obtains immediate rewards
∑N

n=1 R (Pn
t ) for time

slot t.

IV. SIMULATIONS

We consider MTT tracking scenarios with four scales, that

is, (M,N) = (1, 4), (2, 8), (3, 10), (10, 40). The discounted

rewards are evaluated with 100 independent runs, where the

time horizon T = 100 and the discount factor β = 0.9.

Each independent run stochastically initializes the TEC states

of N targets. The initial state Pn,0 is generated by ρ0ρ
′
0,

where each components of ρ0 follows the uniform distribution

U(0, 40). Then divide all components of ρ0ρ
′
0 by 102, except

for the position components on the diagonal. The intensity of

the process noise qn is 1, and the measurement covariance is

given as Rn = diag([104, 104]), n = 1, 2, . . . , N . We define

the target weight dn in Table I.

The three baselines are as follows. 1) The Greedy policy

selects the M targets with the M highest indices. The index

is defined by the product of target weight dn and the trace of

the current TEC state at each time slot [13]. 2) The Balanced

policy uniformly allocates the M beam resources during the

tracking period and achieves cyclic tracking of N targets.

3) AQL [18] implements the Actor-Critic method. The input

state of the algorithm is the flattened joint vector of multi-

target TEC states after normalization. The outputs are the Q



TABLE I
TARGET WEIGHT dn FOR TARGETS

(M,N) dn, n = 1, 2, . . . , N

(1, 4) 0.7, 0.1, 0.1, 0.1

(2, 8) 0.7, 0.7, 0.1, 0.1, 0.1, 0.1, 0.1, 0.1

(3, 10) 0.7, 0.7, 0.7, 0.1, 0.1, 0.1, 0.1, 0.1, 0.1, 0.1

(10, 40) 0.7 for n = 1, 2, . . . , 10, and 0.1 for n = 11, 12, . . . , N

TABLE II
TRAINING PARAMETERS FOR AQL

(M,N) Lr Hidden layers

(1, 4) 0.01 {256, 128, 128, 64, 32}
(2, 8) 0.01 {512, 256, 256, 128, 128, 128, 64, 64}
(3, 10) 0.01 {640, 512, 256, 256, 128, 128, 128, 128}

values from the critic-network and selected probabilities of

combinatorial actions from the actor-network.

In our DRLWI policy, the established neural network con-

sists of one input layer, five hidden layers, and one output

layer, each of which has L2, 256, 256, 128, 128, 64, and

1 neurons, respectively. In the training process, we select the

K = 5 episodes as a batch and the K episodes share the same

TEC initial states Pn
0 and P

n,∗
0 . The normalization of input

data contributes to improved performance, including faster

convergence and increased stability during training of network

models [21]. This paper utilizes the Min-Max scaling method,

where the TEC state Pn
t is normalized by scaling its value

between 0 and 5000 at each time slot. The Adam optimizer

[21] is used to tune the parameters ω of the neural network.

The input learning rate Lr is initially set to be 0.01 in episode

1 and decays by a factor of 0.99 for every 200 batches. Recall

that the training process focuses on a single target - computing

the Whittle indices over various TEC states. As a result, the

DRLWI policy can be applied to different scales of (M,N)
without necessitating additional multiple training operations.

In the AQL algorithm, a batch consists of K = 5 episodes.

The input layer and output layer of the AQL network have

L2∗N and
(

N

M

)

neurons, respectively. The training parameters

for the scales of (M,N) = (1, 4), (2, 8), (3, 10) are set in

Table II, where {·} represents the numbers of neurons in the

multiple hidden layers, respectively. It is noted that since the

AQL algorithm requires a complex neural network framework

and training process for the scale of (M,N) = (10, 40), no

comparisons will be made here.

Fig. 3, Fig. 4, Fig. 5, and Fig. 6 plot the average discounted

rewards for the 100 runs across the 10000 training episodes

in the scales of (M,N) = (1, 4), (2, 8), (3, 10), (10, 40),
respectively. Each episode shares the same initial TEC states

of targets. It is seen that since the learning process focuses

on joint states and combinatorial actions, the AQL algorithm

results in a low convergence rate of Q values and converges

to the worst performance after episode 2000. In practical

applications, the AQL algorithm may require a complex neu-
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Fig. 3. Rewards over training episodes with the scale of (M,N) = (1, 4).

TABLE III
REWARD COMPARISON AND IMPROVEMENT RATES AT EPISODE 10000

(M,N) DRLWI Greedy Balanced AQL

(1, 4)
-11093.32 -11928.04 -12917.51 -16842.34

(7.00%) (14.12%) (34.13%)

(2, 8)
-22018.08 -23661.74 -28176.37 -52586.86

(6.95%) (21.86%) (58.13%)

(3, 10)
-28941.63 -30965.91 -36972.85 -80021.46

(6.54%) (21.72%) (63.83%)

(10, 40)
-110593.57 -118941.14 -128797.88 –

(7.02%) (14.13%) (–%)

ral network framework and a large amount of interaction

data. Hence, as the scale of (M,N) grows, AQL struggles

to achieve acceptable performances. The Greedy policy and

Balanced policy obtain higher reward performances than that

of AQL. Considering target weights across N targets, the

Greedy policy can earn higher rewards than the Balanced

policy. Note that since the Greedy policy and Balanced policy

are deterministic, they will always receive the same reward

for each episode given the same initial TEC state, as shown

by the constant lines in Figs. 3, 4, 5, and 6. The DRLWI

policy obtains the highest reward after episode 3000 and

converges to the highest reward performance at episode 10000.

Note that the trained neural network for a single target is

directly applied to each target, so the convergence trends

across the 10000 episodes are similar for all four scales

of (M,N). We record the reward performances at episode

10000 and calculate the relative improvement rates, as shown

in Table III. The improvement rates describe the obtained

higher reward of the DRLWI policy over the baselines, as

indicated below the baseline results. After the convergence

of DRLWI and AQL, the DRLWI policy achieves at least

6.54% reward improvement over the baselines. Above all,

the proposed DRLWI policy exhibits superior performance

compared to other baselines in addressing the MDP problem

with multi-dimensional TEC states.
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Fig. 4. Rewards over training episodes with the scale of (M,N) = (2, 8).
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Fig. 5. Rewards over training episodes with the scale of (M,N) = (3, 10).
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V. CONCLUSION

We addressed the dynamic beam allocation problem for

MTT using the RMAB technique. For the bandits with multi-

dimensional TEC states, the DRL algorithm was utilized to

approximate the Whittle index, where the neural network

was established based on the threshold property between the

estimated Whittle index and the preset action cost. After the

training process, the neural network computed the estimated

Whittle index for each target at each time slot, allowing the

radar network to compute the activated set of targets. The

simulation results validated the superiority and effectiveness

of our proposed DRLWI policy over other baselines. Future

work entails developing an index-based beam and power

resource scheduling policy for enhancing multi-target tracking

and detection.
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